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We investigate the struture of SO(3)-invariant quantum systems whih are omposed of two
partiles with spins j1 and j2. The states of the omposite spin system are represented by means
of two omplete sets of rotationally invariant operators, namely by the projetions PJ onto the
eigenspaes of the total angular momentum J , and by ertain invariant operators QK whih are built
out of spherial tensor operators of rank K. It is shown that these representations are onneted
by an orthogonal matrix whose elements are expressible in terms of Wigner's 6-j symbols. The
operation of the partial time reversal of the ombined spin system is demonstrated to be diagonal
in the QK-representation. These results are employed to obtain a omplete haraterization of spin
systems with j1 = 1 and arbitrary j2 ≥ 1. We prove that the Peres-Horodeki riterion of positive
partial transposition (PPT) is neessary and suient for separability if j2 is an integer, while for
half-integer spins j2 there always exist entangled PPT states (bound entanglement). We onstrut
an optimal entanglement witness for the ase of half-integer spins and design a protool for the
detetion of entangled PPT states through measurements of the total angular momentum.
PACS numbers: 03.67.Mn,03.65.Ud,03.65.Yz
I. INTRODUCTION
Entanglement is a basi feature of omposite quantum
systems onneted to the tensor produt struture of the
underlying Hilbert spae of states. A mixed state of a
bipartite quantum system desribed by some density ma-
trix ρ is said to be entangled or inseparable if ρ annot be
written as a onvex linear ombination of produt states.
Otherwise it is alled lassially orrelated or separable
[1℄. The properties of entangled states are responsible
for many of the fasinating and urious aspets of the
quantum world and lie at the ore of many proposed ap-
pliations in quantum information proessing [2, 3, 4℄.
The general haraterization and quantiation of en-
tanglement in mixed quantum states is a highly non-
trivial problem. It is even very diult in general to for-
mulate simple operational riteria whih allow a unique
identiation of all separable states of a given omposite
system. There do exist, however, many neessary sepa-
rability riteria [5, 6, 7, 8, 9, 10, 11, 12, 13℄. A simple
and, in fat, very strong riterion is the Peres-Horodeki
riterion [5, 6℄ whih states that a neessary ondition
for a given density matrix ρ to be separable is that it
has a positive partial transposition (PPT states). It is
known that this riterion is neessary and suient for
ertain low-dimensional systems, while it is only nees-
sary in higher dimensions [6℄.
The analysis of the entanglement struture is greatly
failitated through the introdution of symmetries, i. e.,
if one restrits to those states of the omposite system
whih are invariant under ertain groups of symmetry
transformations. Important examples in this ontext are
the manifolds of the Werner states [1℄, of the isotropi
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states [7, 14℄ and of the orthogonal states [15℄. Here,
we investigate entanglement under the symmetry group
SO(3) of proper three-dimensional rotations of the oor-
dinate axes. More preisely, we onsider the problem of
mixed state entanglement of systems whih are omposed
of two partiles with spins j1 and j2, and whih are invari-
ant under produt representations of the group SO(3) or,
equivalently, of the overing group SU(2). A basi tool
of our analysis is the work of Vollbreht and Werner [15℄
whih provides a general sheme for the treatment of en-
tanglement under given symmetry groups.
Mixed SO(3)-invariant states of omposite systems
arise, for example, from the interation of open systems
[16℄ with isotropi environments [17℄. Their analysis is
of great importane and leads to many appliations. As
examples we mention investigations on the onnetion
between quantum phase transitions and the behaviour
of entanglement measures (see, e. g., [18, 19℄), the analy-
sis of entanglement of SU(2)-invariant multiphoton states
generated by parametri down-onversion [20℄, and stud-
ies of the entanglement of formation [21℄. The tehnique
of this paper ould also be relevant for the harateri-
zation of quantum orrelations in Fermioni or Bosoni
systems developed reently [22, 23℄.
The Hilbert spae of a system whih is omposed of
two partiles with spins j1 and j2 is given by the tensor
produt C
N1⊗CN2, where N1 = 2j1+1 and N2 = 2j2+1
are the dimensions of the loal spin spaes. We all suh
a system an N1 ⊗N2 system. Throughout the paper we
will assume that j1 ≤ j2, i. e., N1 ≤ N2.
Aording to the Peres-Horodeki riterion [5, 6℄ the
ases of 2⊗ 2 and 2 ⊗ 3 systems are trivial: It is known
that in these ases the PPT riterion is neessary and
suient for all states, i. e., even for states whih are not
invariant under rotations. Shliemann [24℄ has shown
reently that the PPT riterion is also neessary and suf-
ient for SO(3)-invariant 2⊗N2 systems with arbitrary
2N2. The ase of 3⊗ 3 systems has been treated by Voll-
breht and Werner [15℄, who proved that the PPT ri-
terion is again neessary and suient for separability.
For 4⊗ 4 systems a qualitatively new situation arises: It
has been demonstrated in [25℄ that the PPT riterion is
not suient and that the entangled PPT states form
a three-dimensional manifold whih is isomorphi to a
prism. In the present work we investigate the important
speial ase of 3⊗N2 systems with arbitrary N2.
The method developed in [25℄ enables the treatment
of the ase of equal spins j1 = j2. In this paper we
extend this method to arbitrary spins j1 and j2. For
the analysis of entanglement under SO(3)-symmetry it
is advantageous to replae the transposition used in the
PPT riterion by another unitarily equivalent operation,
namely by the antiunitary transformation of the time re-
versal. The reason for this fat is that the operation of
the time reversal of states ommutes with the represen-
tations of the rotation group.
There are two natural representations of rotationally
invariant states. The rst one uses the fat that any in-
variant state an be written as a unique onvex linear
ombination of the projetions PJ onto the eigenspaes
of the total angular momentum J of the omposite spin
system. The advantage of this representation is that it
leads to very simple onditions expressing the positivity
and the normalization of physial states. However, the
set of the PPT states is most easily determined in another
representation whih employs the irreduible spherial
tensor operators of spin-j partiles. We will onstrut
a omplete system of invariant operators QK whih are
built out of the spherial tensors of rank K. Any in-
variant state of the omposite spin system an then be
written as a unique linear ombination of the QK . The
introdution of the invariant operators QK generalizes
the ideas of Shliemann [24, 26℄, who has developed a
representation of SU(2)-invariant states by means of spin-
spin orrelators and has formulated various separability
onditions and sum rules in terms of these orrelators.
The paper is organized as follows. The representations
of SO(3)-invariant states in terms of the invariant op-
erators PJ and QK are onstruted in Se. II. We also
derive in this setion the linear transformation whih on-
nets these representations and show that it is given by
an orthogonal matrix whose elements are determined by
Wigner's 6-j symbols. The behaviour of states under
partial time reversal and the onstrution of the set of
the invariant separable states are disussed in Se. III.
The general theory is then applied in Se. IV to the
ase of 3⊗N2 systems with arbitrary N2. We prove that
the PPT riterion represents a neessary and suient
separability ondition for 3 ⊗ N2 systems if and only if
N2 is odd. Thus, for integer spins j2 all PPT states
are separable, while for half-integer spins j2 there always
exist entangled PPT states. This fat has already been
onjetured by Hendriks [27℄ on the basis of a detailed nu-
merial investigation. We also show that for half-integer
j2 the boundary of the separability region is urved. Fi-
nally, Se. V ontains a disussion of the results and some
onlusions. In partiular, we onstrut an optimal en-
tanglement witness for the ase of half-integer spins and
exploit this witness to design a protool whih allows the
detetion of entangled PPT states through measurements
of the total angular momentum.
II. REPRESENTATIONS OF SO(3)-INVARIANT
STATES
We onsider two partiles with spins j1 and j2 and or-
responding angular momentum operators jˆ(1) and jˆ(2).
The Hilbert spae CN1 of the rst partile is spanned by
the ommon eigenstates |j1,m1〉 of the square of jˆ(1) and
of jˆ
(1)
z , where N1 ≡ 2j1+1 and m1 = −j1, . . . ,+j1. Cor-
respondingly, the Hilbert spae CN2 of the seond partile
is spanned by the eigenstates |j2,m2〉, where N2 ≡ 2j2+1
and m2 = −j2, . . . ,+j2.
The Hilbert spae of the total system omposed of both
partiles is given by the tensor produt CN1 ⊗CN2 . The
angular momentum operator of the omposite system is
dened by:
Jˆ = jˆ(1) ⊗ I + I ⊗ jˆ(2), (2.1)
where I denotes the unit matrix. A state of the omposite
system is desribed by a density matrix on the produt
spae, i. e., by a positive operator ρ on CN1 ⊗ CN2 with
unit trae: ρ ≥ 0, trρ = 1.
The irreduible unitary representation of the group
SO(3) of proper rotations R on the state spae of a parti-
le with spin j will be denoted by D(j)(R). The transfor-
mation of the states of the omposite spin system is then
given by the produt representation D(j1)(R)⊗D(j2)(R).
A state ρ of the ombined system is said to be rotation-
ally invariant or SO(3)-invariant if the relation[
D(j1)(R)⊗D(j2)(R)
]
ρ
[
D(j1)(R)⊗D(j2)(R)
]†
= ρ
holds true for all proper rotations R ∈ SO(3).
We shall use two dierent representations of rotation-
ally invariant states. The rst one employs the projetion
operators
PJ =
+J∑
M=−J
|JM〉〈JM |, (2.2)
where |JM〉 denotes the ommon eigenstate of the square
of the total angular momentum Jˆ and of its z-omponent
Jˆz, i. e., we have Jˆ
2|JM〉 = J(J+1)|JM〉 and Jˆz |JM〉 =
M |JM〉. The operator PJ projets onto the manifold
whih is spanned by the eigenstates belonging to a xed
value J of the total angular momentum. Aording to
the triangular inequality J takes on N1 dierent values
whih may be integer or half-integer valued:
J = j2 − j1, j2 − j1 + 1, . . . , j2 + j1. (2.3)
3It follows from Shur's lemma that any invariant state ρ
an be written as a linear ombination of the PJ :
ρ =
1√
N1N2
∑
J
αJ√
2J + 1
PJ . (2.4)
Here, the αJ are real parameters and we have intro-
dued onvenient normalization fators of
√
N1N2 and√
2J + 1. In order for Eq. (2.4) to represent a true den-
sity matrix the αJ must of ourse be positive and nor-
malized appropriately:
αJ ≥ 0, (2.5)
trρ =
∑
J
√
2J + 1
N1N2
αJ = 1. (2.6)
Any invariant state ρ is thus uniquely haraterized by
a real vetor α in an N1-dimensional parameter spae
RN1 whih will be referred to as α-spae. The ondi-
tions of the positivity and of the normalization of ρ are
expressed by the relations (2.5) and (2.6). We denote
the set of all vetors α whose omponents αJ satisfy
these relations by Sα. Being isomorphi to the set of
invariant states, Sα is of ourse a onvex set. We infer
from Eqs. (2.5) and (2.6) that Sα represents an (N1−1)-
dimensional simplex.
A useful alternative representation of the invariant
states is obtained by use of a omplete system of irre-
duible spherial tensor operators (see, e. g. [28, 29℄).
The tensor operators whih at on the state spae of the
partile with spin ji are written as T
(i)
Kiqi
, where i = 1, 2.
The index Ki = 0, 1, . . . , 2ji denotes the rank of the ten-
sor operator. For a given rank Ki the index qi takes on
the values qi = −Ki,−Ki + 1, . . . ,+Ki. We thus have
(2Ki+1) tensor operators T
(i)
Kiqi
of rank Ki whih trans-
form under rotations aording to an irreduible repre-
sentation of the rotation group. The expliit denitions
of the tensors and a brief summary of their properties are
given in Appendix A.
Using the tensor operators one denes Hermitian op-
erators QK ating on the state spae of the omposite
spin system:
QK =
+K∑
q=−K
T
(1)
Kq ⊗ T (2)†Kq , (2.7)
where the index K takes on N1 dierent integer values:
K = 0, 1, . . . , 2j1. (2.8)
It follows from the transformation properties of the ten-
sor operators that all QK are invariant under rotations.
For instane, the operator Q0 is proportional to the iden-
tity, Q0 =
1√
N1N2
I ⊗ I, while Q1 is proportional to the
invariant salar produt jˆ(1) · jˆ(2) of the spin vetors.
The QK dened by Eq. (2.7) form a omplete system
of operators. This means that any rotationally invariant
Hermitian operator an be represented as a unique linear
ombination of the QK in a way analogous to Eq. (2.4):
ρ =
1√
N1N2
∑
K
βK√
2K + 1
QK . (2.9)
Here, we have again introdued appropriate normaliza-
tion fators and real parameters βK whih form a vetor
β in an N1-dimensional parameter spae R
N1
referred
to as β-spae. The operators QK satisfy tr{QKQK′} =
(2K + 1)δKK′ . This fat follows diretly from the or-
thogonality relation (A1) for the spherial tensors. The
QK for K 6= 0 are therefore traeless whih leads to the
normalization ondition
trρ = β0 = 1. (2.10)
The sets {PJ} and {QK} represent omplete systems
of invariant operators. The orresponding parameter ve-
tors α and β must therefore be related by a linear trans-
formation RN1 7→ RN1 . We write
β = Lα, (2.11)
where L is an (N1 ×N1) matrix. To nd the elements of
this matrix we use Eqs. (2.4) and (2.9) to get
∑
J
αJ√
2J + 1
PJ =
∑
K
βK√
2K + 1
QK . (2.12)
Multiplying this equation by QK′ and taking the trae
we nd that the elements of L are given by
LKJ = [(2K + 1)(2J + 1)]
−1/2tr{QKPJ}. (2.13)
This an be expressed as
LKJ =
√
(2K + 1)(2J + 1)(−1)j1+j2+J
{
j1 j2 J
j2 j1 K
}
.
(2.14)
The urly brakets denote a 6-j symbol introdued by
Wigner [30℄ into the quantum theory of angular mo-
mentum. A proof of the relation (2.14) is given in Ap-
pendix B. The 6-j symbols are salar quantities whih
are dened through invariant sums over produts of
Clebsh-Gordan oeients. They desribe the trans-
formation between dierent oupling shemes for the ad-
dition of three angular momenta [28℄. Their properties
have been studied in great detail and many losed for-
mulae, reursion relations and sum rules are known. In
partiular, it follows from the sum rules that L represents
an orthogonal (N1 ×N1) matrix.
The above results lead to the onlusion that the set
of SO(3)-invariant states is represented in β-spae by the
set
Sβ = LSα. (2.15)
The set Sβ is again an (N1 − 1)-dimensional simplex
whih may be onstruted by determining the images of
4the extreme points of Sα under the orthogonal transfor-
mation L.
The introdution of two parameter spaes is motivated
by the following observations. On the one hand, the set
of states is most easily onstruted as a subset in α-
spae. This is due to the fat that the representation
of Eq. (2.4) orresponds to the spetral deomposition
of ρ and, therefore, the requirement of the positivity of
ρ immediately leads to the simple ondition (2.5). On
the other hand, the representation (2.9) of states in β-
spae is muh more suitable for the onstrution of the
set of separable states, whih is due to the fat that the
operation of the partial time reversal is diagonal in the
QK-representation.
III. INVARIANT SEPARABLE STATES
A state ρ of the omposite spin system is said to be
separable if it is possible to write this state as a onvex
linear ombination of produt states:
ρ =
∑
i
λiρ
(1)
i ⊗ ρ(2)i , λi ≥ 0,
∑
i
λi = 1, (3.1)
where the ρ
(1)
i and ρ
(2)
i are normalized states of the rst
and of the seond spin, respetively [1℄. It is lear that
the set in β-spae whih represents the invariant and sep-
arable states is a onvex subset of Sβ . This subset will
be denoted by Sβsep.
Following the work of Vollbreht and Werner [15℄ we
dene a projetion super-operator (SO(3) twirling) by
means of
Πρ =
∫
dR U(R)ρU(R)†, (3.2)
where U(R) ≡ D(j1)(R)⊗D(j2)(R) and the integration is
extended over all group elements R ∈ SO(3). The twirl
operation maps any state ρ of the omposite spin system
to an SO(3)-invariant state Πρ. Moreover, if ρ is separa-
ble then also Πρ is separable. In terms of the invariant
operators PJ or QK the ation of the twirl operation may
be expressed by
Πρ =
∑
J
tr{PJρ}
2J + 1
PJ =
∑
K
tr{QKρ}
2K + 1
QK . (3.3)
It is known that any invariant separable state is a on-
vex linear ombination of Π-projetions of pure produt
states. Given a pure produt state
ρ = |ϕ(1)ϕ(2)〉〈ϕ(1)ϕ(2)|, (3.4)
Eq. (3.3) shows that the orresponding parameters αJ
and βK of its projetion Πρ are given by
αJ =
√
N1N2
2J + 1
〈ϕ(1)ϕ(2)|PJ |ϕ(1)ϕ(2)〉, (3.5)
βK =
√
N1N2
2K + 1
〈ϕ(1)ϕ(2)|QK |ϕ(1)ϕ(2)〉. (3.6)
We introdue into Eq. (3.6) the denition (2.7) of the
QK and dene the funtions
β˜K [ϕ
(1), ϕ(2)] (3.7)
=
√
N1N2
2K + 1
+K∑
q=−K
〈ϕ(1)|T (1)Kq |ϕ(1)〉〈ϕ(2)|T (2)†Kq |ϕ(2)〉.
Let us further dene W β as the range of the parameter
vetor β whose omponents are given by these funtions,
where |ϕ(1)〉 ∈ CN1 and |ϕ(2)〉 ∈ CN2 run independently
over all normalized states of the rst and of the seond
spin, respetively:
W β =
{
β
∣∣∣ βK = β˜K [ϕ(1), ϕ(2)], ||ϕ(1,2)|| = 1} . (3.8)
The set of separable states is then equal to the onvex
hull of W β :
Sβsep = hull
(
W β
)
. (3.9)
This means that Sβsep is equal to the smallest onvex set
whih ontains W β .
Within this formulation the problem of onstruting
Sβsep redues to the determination of the onvex hull of
the range of the funtions β˜K . Even for the present ase
of a highly symmetri state spae this is, in general, an
extremely diult task. A strong neessary ondition for
separability is the Peres-Horodeki riterion [5, 6℄. A-
ording to this riterion a neessary ondition for a given
state ρ to be separable is that its partial transposition is
a positive operator: T2ρ ≡ (I⊗T )ρ ≥ 0. Here, TB = BT
denotes the transposition of the operatorB on CN2 whih
is dened in terms of the basis states of the seond spin
by means of 〈j2,m2|BT |j2,m′2〉 = 〈j2,m′2|B|j2,m2〉. The
partial transposition T2 is then dened by T2(A ⊗ B) =
A⊗ BT .
The operation of taking the partial transposition de-
stroys the rotational invariane of states, i. e., if ρ is
invariant under rotations the partially transposed state
T2ρ is generally not SO(3)-invariant. However, there ex-
ist another operation whih is unitarily equivalent to T2
and whih does map rotationally invariant operators to
rotationally invariant operators. This operation will be
denoted by ϑ2 = I⊗ϑ. It involves the antiunitary time re-
versal transformation ϑ of the seond spin and will there-
fore be referred to as partial time reversal.
Aording to Wigner's representation theorem [30℄ the
ation of the time reversal transformation ϑ on an oper-
ator B an be expressed as:
ϑB = V BTV † = τB†τ−1. (3.10)
In the rst expression T denotes again the transposition
and V is a unitary matrix whih represents a rotation
of the oordinate system about the y-axis by the angle
pi. In the seond expression of Eq. (3.10) τ denotes the
operator τ = V τ0 whih is omposed of the pi-rotation V
5and of the operator τ0 of the omplex onjugation. The
operator τ is antiunitary and satises
τ2 = (−1)2j2 . (3.11)
ϑ is a positive but not ompletely positive map. It is
unitarily equivalent to the transposition T and, hene,
the Peres-Horodeki riterion an be expressed by
ϑ2ρ ≡ (I ⊗ ϑ)ρ ≥ 0. (3.12)
A great advantage of the representation of states in
β-spae is that the operators QK have a very simple
behaviour under the map ϑ2. Namely, as is shown in
Appendix A they are eigenoperators of the partial time
reversal: ϑ2QK = (−1)KQK . In β-spae the map ϑ2
therefore indues a reetion of the oordinate axes or-
responding to the odd values of K:
ϑ2 : βK 7→ (−1)KβK . (3.13)
We thus get the image ϑ2S
β
of Sβ by reversing the signs
of the odd oordinates.
We dene Sβppt as the set of states whih are positive
under ϑ2 or, equivalently, under T2 (PPT states). This
set is equal to the intersetion of Sβ with its image ϑ2S
β
.
Aording to the Peres-Horodeki riterion the set of sep-
arable states is a subset of the set of PPT states. Hene,
we have
Sβsep ⊂ Sβppt = Sβ ∩ ϑ2Sβ. (3.14)
We note three properties whih turn out to be useful
in the onstrution of the set of separable states.
(1) The funtions dened by Eq. (3.7) are invariant
under simultaneous rotations of the input arguments:
β˜K [D
(j1)(R)ϕ(1), D(j2)(R)ϕ(2)] = β˜K [ϕ
(1), ϕ(2)]. (3.15)
This property is an immediate onsequene of the rota-
tional invariane of the operators QK .
(2) The range W β dened in Eq. (3.8) is obviously
invariant under the partial time reversal ϑ2. This means
that β ∈ W β implies ϑ2β ∈W β .
(3) There exist two distinguished separable states.
These are the state given by the parameter vetor α with
omponents
αJ =
√
N1N2
2Jmax + 1
δJ,Jmax , Jmax ≡ j1 + j2, (3.16)
and the partially time reversed state given by α′ = ϑ2α.
To proof this statement we onsider a pure produt state
ρ of the form of Eq. (3.4) with |ϕ(1)〉 = |j1,+j1〉 and
|ϕ(2)〉 = |j2,+j2〉. We then have the obvious relation
|J = Jmax,M = +Jmax〉 = |ϕ(1)ϕ(2)〉 and, hene,
〈ϕ(1)ϕ(2)|PJ |ϕ(1)ϕ(2)〉 = δJ,Jmax . (3.17)
Equation (3.5) then immediately leads to Eq. (3.16).
This means that the pure produt state ρ is mapped
under the twirl operation to the separable state Πρ =
1
2Jmax+1
PJmax orresponding to the maximal value of the
total angular momentum Jmax. It follows from point (2)
that also the partially time reversed state is separable.
The point α given by Eq. (3.16) is an extreme point
of the simplex Sα and its image α′ is an extreme point
of ϑ2S
α
. Thus, α and α′ are extreme points of Sαppt.
It follows that the orresponding points β = Lα and
β′ = Lα′ in β-spae belong toW β and represent extreme
points of Sβppt.
As an illustration of the above analysis onsider a
2 ⊗ N2 system for whih j1 = 12 and j2 is arbitrary. As
has been demonstrated by Shliemann [24℄ the PPT ri-
terion is a neessary and suient separability ondition
in this ase. Within the present formulation this state-
ment an be proven as follows. We rst note that the
index K takes on the two values K = 0, 1 suh that β is
a two-dimensional vetor. Beause of the normalization
ondition (2.10) we only need a single parameter β1 to
haraterize uniquely an invariant state of a 2⊗N2 sys-
tem. It follows that Sβ an be represented by an interval
of the β1-axis, and S
β
ppt by a sub-interval of this inter-
val. Sine an interval has exatly two extreme points (its
endpoints) we onlude with the help of point (3) above
that the extreme points of Sβppt belong to W
β
. By the
relation (3.9) the sets Sβppt and S
β
sep therefore oinide.
This shows that the PPT riterion is indeed neessary
and suient for separability.
IV. 3⊗N SYSTEMS
Let us now onsider the ase j1 = 1 (N1 = 3) and j2
arbitrary, i. e. the ase of 3⊗N2 systems. For onveniene
we write N ≡ N2 = 2j2 + 1. Sine J takes on the values
J = j2 − 1, j2 and j2 + 1, α is a three-vetor
α =

 αj2−1αj2
αj2+1

 . (4.1)
The set Sα of invariant states is given by the relations:
αj2−1, αj2 , αj2+1 ≥ 0 (4.2)
and√
N − 2
3N
αj2−1 +
√
1
3
αj2 +
√
N + 2
3N
αj2+1 = 1. (4.3)
We observe that Sα is a 2-simplex, i. e. a triangle whose
verties are given by the following parameter vetors α:


0
0√
3N
N+2

 ,


√
3N
N−2
0
0

 ,

 0√3
0

 . (4.4)
6In order to transform to β-spae we rst determine the
matrix L by means of the formulae (B3)-(B5):
L =

√
N−2
3N
√
1
3
√
N+2
3N
−
√
(N−2)(N+1)
2N(N−1) −
√
2
(N−1)(N+1)
√
(N−1)(N+2)
2N(N+1)√
(N+1)(N+2)
6N(N−1) −
√
2(N−2)(N+2)
3(N−1)(N+1)
√
(N−1)(N−2)
6N(N+1)

 .
The extreme points of Sβ are found by applying this
matrix to the vetors given in Eq. (4.4). Sine β0 is iden-
tially equal to 1 by the normalization ondition (2.10)
we an represent points in β-spae by two oordinates
(β1, β2). One nds that S
β
is a triangle in the (β1, β2)-
plane with the verties:
A =
(√
3(N − 1)
2(N + 1)
,
√
(N − 1)(N − 2)
2(N + 1)(N + 2)
)
, (4.5)
B =
(
−
√
3(N + 1)
2(N − 1) ,
√
(N + 1)(N + 2)
2(N − 1)(N − 2)
)
, (4.6)
C =
(
−
√
6
(N − 1)(N + 1) ,−
√
2(N − 2)(N + 2)
(N − 1)(N + 1)
)
.
(4.7)
−2 −1 0 1 2
−1
0
1
2
β1
β 2 A A’ 
B 
C 
E 
D 
Sβ ϑ2S
β
 
Sβppt 
Figure 1: State spae struture of a system omposed of two
partiles with spins j1 = 1 and j2 =
3
2
(N = 4). The triangle
ABC represents the set Sβ of invariant states, while the tri-
angle ϑ2S
β
is its image under the partial time reversal. The
polygon AA′DE represents the set S
β
ppt of the PPT states.
The image ϑ2S
β
of Sβ under the partial time reversal
is obtained by reversing the sign of the oordinate β1.
Consequently, Sβppt is a polygon with the four verties A,
A′, D and E, where A is given by Eq. (4.5) and:
A′ =
(
−
√
3(N − 1)
2(N + 1)
,
√
(N − 1)(N − 2)
2(N + 1)(N + 2)
)
, (4.8)
D =
(
0,−
√
2(N − 1)(N − 2)
(N + 1)(N + 2)
)
, (4.9)
E =
(
0,
√
(N + 1)(N − 1)
2(N + 2)(N − 2)
)
. (4.10)
Here, A′ = ϑ2A is the image of A under ϑ2, while D and
E are the intersetions of the lines AC and AB with the
β2-axis, respetively. The ase N = 4 is illustrated in
Fig. 1. Similar pitures are obtained for other values of
N . Examples are shown in Fig. 2. Note that the origin
of the (β1, β2)-plane desribes the state ρ =
1
3N I ⊗ I of
maximal entropy.
−2 −1 0 1
−1
0
1
2
β1
β 2
−2 −1 0 1
−1
0
1
2
β1
−2 −1 0 1
−1
0
1
2
β1
N=4 N=8 N=16 
Sβ 
Sβppt 
Figure 2: The sets of the invariant states Sβ and of the in-
variant PPT states S
β
ppt for three dierent values of N .
To onstrut the set Sβsep of separable states we have
to investigate the funtions:
β˜1[ϕ
(1), ϕ(2)] (4.11)
=
√
N
+1∑
q=−1
〈ϕ(1)|T (1)1q |ϕ(1)〉〈ϕ(2)|T (2)†1q |ϕ(2)〉
and
β˜2[ϕ
(1), ϕ(2)] (4.12)
=
√
3N
5
+2∑
q=−2
〈ϕ(1)|T (1)2q |ϕ(1)〉〈ϕ(2)|T (2)†2q |ϕ(2)〉.
We distinguish two ases, namely the ases of odd and of
even N .
7Theorem 1 For integer spins j2 = 1, 2, 3, . . . one has
Sβppt = S
β
sep. Hene, for all 3⊗N systems with odd N the
PPT riterion represents a neessary and suient on-
dition for the separability of rotationally invariant states.
To proof this theorem we show that the verties A, A′, D
and E of the polygon Sβppt belong toW
β
. The statement
Sβppt = S
β
sep then follows immediately from Eq. (3.9).
The point A orresponds to the parameter vetor α
given by Eq. (3.16). It follows that this point as well as
the point A′ = ϑ2A belong to W β. Hene, it sues to
verify that D,E ∈W β .
To show that E ∈W β we hoose the states
|ϕ(1)〉 = |1,m1 = 0〉, |ϕ(2)〉 = |j2,m2 = 0〉. (4.13)
Aording to the seletion rules for the matrix elements
of the tensor operators (A3) and to Eq. (A8) we have
that 〈ϕ(1)|T (1)1q |ϕ(1)〉 = 0 for q = 0,±1 and, therefore,
β˜1 = 0. (4.14)
On the other hand, the non-vanishing matrix elements of
the seond-rank tensors are given by [see Eq. (A10)℄:
〈ϕ(1)|T (1)20 |ϕ(1)〉 = −
2√
6
, (4.15)
and
〈ϕ(2)|T (2)20 |ϕ(2)〉 =
−2√5j2(j2 + 1)√
(N + 2)(N + 1)N(N − 1)(N − 2) ,
(4.16)
whih yields:
β˜2 =
√
3N
5
〈ϕ(1)|T (1)20 |ϕ(1)〉〈ϕ(2)|T (2)20 |ϕ(2)〉
=
√
(N + 1)(N − 1)
2(N + 2)(N − 2) . (4.17)
We see from Eqs. (4.14), (4.17) and (4.10) that (β˜1, β˜2) =
E and, hene, that the point E belongs to W β .
To show that also D belongs to W β we take the states
|ϕ(1)〉 = |1, 0〉, |ϕ(2)〉 = |j2,+j2〉. (4.18)
Sine the state |ϕ(1)〉 is the same as before, Eqs. (4.14)
and (4.15) hold true. Instead of Eq. (4.16), however, we
get
〈ϕ(2)|T (2)20 |ϕ(2)〉 =
2
√
5[3j22 − j2(j2 + 1)]√
(N + 2)(N + 1)N(N − 1)(N − 2) .
(4.19)
This gives
β˜2 =
√
3N
5
〈ϕ(1)|T (1)20 |ϕ(1)〉〈ϕ(2)|T (2)20 |ϕ(2)〉
= −
√
2(N − 1)(N − 2)
(N + 1)(N + 2)
. (4.20)
A omparison with Eq. (4.9) shows that (β˜1, β˜2) = D ∈
W β . This onludes the proof of the theorem.
Let us now turn to the ase of half-integer spins j2,
i. e., we assume that N is even. Of ourse, we again have
that A and A′ belong to W β . But also D ∈W β beause
the state |j2,+j2〉 exists for integer as well as for half-
integer spins j2. The argument following Eq. (4.18) an
thus also be applied in the present ase. It follows that
Sβsep ontains at least the triangle AA
′D (see Fig. 3).
−1 −0.5 0 0.5 1−1
−0.5
0
0.5
1
β1
β 2
A A’ 
D 
E 
F 
Sβppt 
h 
Figure 3: The set of PPT states S
β
ppt for N = 4. The set
Sβsep lies entirely below the straight line h through F whih
is parallel to the β1-axis. The broken line shows the urve
dened by Eqs. (4.37) and (4.38).
On the other hand, the state |j2,m2 = 0〉 exists, of
ourse, only for integer spins j2. Instead of (4.13) we
onsider the states
|ϕ(1)〉 = |1, 0〉, |ϕ(2)〉 = |j2,+1/2〉, (4.21)
whih lead to
β˜1 = 0, β˜2 =
√
(N + 2)(N − 2)
2(N + 1)(N − 1) . (4.22)
This shows that the point
F =
(
0,
√
(N + 2)(N − 2)
2(N + 1)(N − 1)
)
(4.23)
belongs toW β. Hene, Sβsep ontains at least the polygon
with the verties A, A′, D and F .
We introdue the straight line h whih intersets the
point F and whih is parallel to the β1-axis (see Fig. 3).
We are going to demonstrate that Sβsep lies entirely be-
low this line. The line h is thus tangential to Sβsep
and orresponds to an optimal entanglement witness (see
Se. V). To show this we employ the rotational invariane
of the funtions β˜K [see Eq. (3.15)℄ to obtain a suitable
8parametrization of the states of the rst spin j1 = 1.
Namely, by an appropriate rotation R any state of this
spin an be brought into the following form:
|ϕ(1)〉 = √r|1,+1〉+√1− r|1,−1〉, (4.24)
where we omit an irrelevant overall phase fator and r is a
real parameter taken from the interval [0, 1]. Invoking the
rotational invariane we may assume without restrition
that |ϕ(1)〉 is of this form. The state spae of the rst spin
j1 has thus only a single relevant parameter r ∈ [0, 1].
By use of the representation (4.24) the quantities β˜1
and β˜2 beome funtions of the parameter r and of the
state vetor |ϕ(2)〉 of the seond spin. Inserting Eq. (4.24)
into Eq. (4.11) and using Eqs. (A8) and (A9) of Ap-
pendix A we get
β˜1[r, ϕ
(2)] =
√
N
2
(2r − 1)〈ϕ(2)|T (2)10 |ϕ(2)〉. (4.25)
The funtion β˜2 is found by substituting the expression
(4.24) into Eq. (4.12) and by using Eqs. (A10)-(A12).
One nds that β˜2 an be written as the expetation value
β˜2[r, ϕ
(2)] = 〈ϕ(2)|H(λ)|ϕ(2)〉 (4.26)
of the Hermitian (N ×N) matrix
H(λ) ≡ H0 + λH1. (4.27)
Here, we have dened
H0 =
√
N
10
T
(2)
20 , H1 =
1
2
√
3N
5
(
T
(2)
22 + T
(2)†
22
)
,
and introdued the parameter
λ = 2
√
r(1 − r), 0 ≤ λ ≤ 1. (4.28)
For a given value of λ the funtion β˜2 dened by
Eq. (4.26) is ertainly smaller than or equal to the largest
eigenvalue of H(λ) whih we denote by ε0(λ). We are
going to demonstrate below that ε0(λ) is a monotoni-
ally inreasing funtion of λ and attains its maximum
at λ = 1:
ε0(1) =
√
(N + 2)(N − 2)
2(N + 1)(N − 1) . (4.29)
Hene, we have
β˜2[r, ϕ
(2)] ≤ ε0(1) (4.30)
for all r and |ϕ(2)〉. Note that ε0(1) is equal to the β2-
oordinate of the point F [see Eq. (4.23)℄. This shows
that, as laimed, all points of W β and, hene, all points
of Sβsep lie below the line h.
To prove that ε0(λ) is a monotonially inreasing fun-
tion of λ we denote the eigenvalues of H(λ) by εn(λ),
0 0.2 0.4 0.6 0.8 1
0.4
0.5
0.6
0.7
λ
ε 0
N=4 
N=8 
N=12 
N=16 
Figure 4: The largest eigenvalue ε0(λ) of the matrix H(λ)
dened by Eq. (4.27) for dierent values of N .
where n = 0, 1, 2 . . ., and n = 0 labels the largest eigen-
value. With the help of Eq. (A6) one veries that H(λ)
is invariant under time reversal. It follows that if |ϕ〉 is
an eigenstate of H(λ) then also the time reversed state
τ |ϕ〉 is an eigenstate with the same eigenvalue. Sine j2
is half-integer valued the states |ϕ〉 and τ |ϕ〉 are orthog-
onal. In fat, using the antiunitarity of τ and Eq. (3.11)
we get
〈τϕ|ϕ〉 = 〈τ2ϕ|τϕ〉∗ = (−1)2j2〈τϕ|ϕ〉 = −〈τϕ|ϕ〉,
whih shows that 〈τϕ|ϕ〉 = 0.
All eigenvalues εn(λ) are thus two-fold degenerate
and we write the orresponding eigenstates as |ϕn,k(λ)〉,
where the index k = 1, 2 labels the eigenstates orre-
sponding to the same eigenvalue: |ϕn,2(λ)〉 = τ |ϕn,1(λ)〉.
We remark that the two-fold degeneray is analogous to
the Kramers degeneray aording to whih the energy
levels of an invariant system of an odd number of spin-
1
2
partiles are at least two-fold degenerate (see, e. g. [31℄).
The Hellman-Feynman theorem now yields
dε0
dλ
= 〈ϕ0,1(λ)|H1|ϕ0,1(λ)〉. (4.31)
In partiular, we have
dε0
dλ
∣∣∣∣
λ=0
= 0. (4.32)
On dierentiating Eq. (4.31) one again we nd:
d2ε0
dλ2
= 2
∑
n6=0,k
|〈ϕn,k(λ)|H1|ϕ0,1(λ)〉|2
ε0(λ) − εn(λ) ≥ 0. (4.33)
This shows that ε0(λ) is a onvex funtion of λ with
zero derivative at λ = 0. It follows that ε0(λ) inreases
9monotonially. Some examples of the behaviour of this
funtions are shown in Fig. 4.
It remains to verify Eq. (4.29). We rst note that H(1)
an be written with the help of Eqs. (A10) and (A12) in
terms of the spin operator jˆ(2) as:
H(1) = 2
√
2
(N + 2)(N + 1)(N − 1)(N − 2)
×
([
jˆ(2)
]2
− 3
[
jˆ(2)y
]2)
. (4.34)
The largest eigenvalue of this matrix is given by
ε0(1) = 2
√
2
(N + 2)(N + 1)(N − 1)(N − 2)
×
(
j2(j2 + 1)− 3
4
)
. (4.35)
Using N = 2j2+1 one shows that this equation oinides
with Eq. (4.29).
We nally demonstrate that the boundary of Sβsep is
dierentiable at the point F [see Eq. (4.23)℄. To this end,
we onstrut a smooth urve whih belongs to W β and
passes the point F . Consider the following xed state of
the seond spin:
|ϕ(2)〉 = 1√
2
∣∣∣jˆ(2)y = +1/2〉+ i√
2
∣∣∣jˆ(2)y = −1/2〉 . (4.36)
This is an eigenstate of the matrix H(1) [Eq. (4.34)℄ or-
responding to the largest eigenvalue ε0(1). Sine |ϕ(2)〉 is
xed the funtions β˜1 and β˜2 depend only on the param-
eter r and desribe a urve in the (β1, β2)-plane. Writing
r ≡ (1 + µ)/2 and determining the matrix elements one
nds:
β˜1 =
√
3N2
8(N + 1)(N − 1)µ, (4.37)
β˜2 =
ε0(1)
4
(
1 + 3
√
1− µ2
)
, (4.38)
where −1 ≤ µ ≤ +1. The urve desribed by these
equations represents the upper half of an ellipse in the
(β1, β2)-plane (see Fig. 3). It intersets the point F and
lies entirely inW β. Sine F is the only point of h belong-
ing to W β , it follows that the boundary of the separa-
bility region must be urved and that it is dierentiable
at the extreme point F , the line h being the tangent.
Summarizing, we have shown:
Theorem 2 For half-integer spins j2 =
3
2 ,
5
2 ,
7
2 , . . . the
set Sβsep of separable states is a true subset of the set of
PPT states. Hene, for all 3 ⊗ N systems with even N
the PPT riterion is only neessary and there always exist
entangled PPT states. The line h represents the tangent
to Sβsep at the extreme point F . The set S
β
sep is bounded
by the straight lines AD and A′D and by a onave urve
whih passes the points A, A′ and F .
V. DISCUSSION AND CONCLUSIONS
The state spae struture of rotationally invariant spin
systems has been analyzed in this paper. The set of in-
variant states has been represented by means of two sys-
tems of invariant operators, namely by the projetions
PJ onto the total angular momentum manifolds and by
the invariant operators QK omposed of the spherial
tensors. The transformation between both representa-
tions was found to be given by a matrix L whih is de-
termined by ertain 6-j symbols of Wigner. The QK-
representation is partiularly useful in applying the PPT
riterion for separability beause the QK are eigenoper-
ators of the partial time reversal. The method has been
demonstrated to lead to a omplete lassiation of sep-
arability of 3⊗N systems. We have shown that the PPT
riterion is neessary and suient for all system with
oddN , while entangled PPT states exist for systems with
even N .
Some remarks on the struture of the state spae in the
limit N →∞ might be of interest. In this limit the value
of the seond spin j2 beomes arbitrary large. We infer
from Eqs. (4.6)-(4.9) that the point B then onverges to
the point A′, and C to D. At the same time F onverges
to E [see Eqs. (4.10) and (4.23)℄. Hene, as N inreases
the set Sβppt approahes the set S
β
and Sβsep approahes
Sβppt. This behaviour is also indiated in Fig. 2. The
limit N → ∞ thus orresponds to a kind of lassial
limit in whih all invariant states have a positive partial
transpose and are separable.
The line h onstruted in Se. IV leads to an entan-
glement witness whih we denote by W . An entan-
glement witness is a Hermitian operator whih satises
tr{Wσ} ≥ 0 for any separable state σ, and tr{Wρ} < 0
for at least one non-separable state ρ [6, 12℄. The hy-
perplane h orresponding to an entanglement witness W
is dened by tr{Wρ} = 0. In the ase of 3 ⊗ N sys-
tems h is a one-dimensional line and the witness is, in
fat, optimal [13℄ beause h is tangential to the region
of separable states. We have formulated the witness in
β-spae. Transforming bak to α-spae one easily shows
that the entanglement witness orresponding to h may
be written in terms of the projetions PJ as:
W = − 1
N − 2Pj2−1 + Pj2 +
1
N + 2
Pj2+1. (5.1)
This expression leads to the following physial interpre-
tation of W . Suppose one arries out a measurement of
the total angular momentum J on some invariant state
ρ. If ρ is separable the inequality
− pj2−1
N − 2 + pj2 +
pj2+1
N + 2
≥ 0 (5.2)
must be satised, where pJ = tr{PJρ} denotes the prob-
ability of nding the value J . In other words, if the
inequality (5.2) is violated the state ρ must neessarily
be entangled.
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We exploit the witness (5.1) to design a presription for
the detetion of entangled PPT states in 3 ⊗N systems
with even N (bound entanglement [32℄). A given state ρ
is positive under partial transposition if and only if the
orresponding point (β1, β2) lies below the line through
A′ and E, and above the line through A′ and D (see
Fig. 1). If we transform to α-spae this yields the ondi-
tions
−2pj2−1
N − 1 +
(N2 − 5)pj2
(N + 1)(N − 1) +
2pj2+1
N + 1
≥ 0 (5.3)
and
2pj2−1
(N − 1)(N − 2) −
2pj2
N − 1 + pj2+1 ≥ 0. (5.4)
These inequalities are equivalent to the PPT ondition
(3.12). Hene, entangled PPT states an be deteted in
the following way: Suppose again that a total angular
momentum measurement is performed on some state ρ.
If one nds that the measurement outomes, i. e. the
probabilities pJ , satisfy the inequalities (5.3) and (5.4)
and violate the inequality (5.2) then the state ρ must be
an entangled PPT state.
The witness W dened in Eq. (5.1) does not detet all
entangled PPT states. As has been shown in Se. IV a
part of the boundary of the region of the separable states
is urved and, therefore, one needs an innite number of
linear entanglement witnesses. The upper boundary of
Sβsep an of ourse be desribed by means of a suitable
nonlinear equation. A possible way to derive the latter
is to onstrut the envelope of appropriate families of
urves of the type given by Eqs. (4.37) and (4.38).
The onsiderations of Se. IV reveal that for 3 ⊗ N2
systems half-integer spins are ruial for the emergene
of entangled PPT states. The entanglement struture of
systems involving half-integer spins is thus quite dierent
from those with integer spins. It seems that this is losely
onneted to the fat that pure states whih are invariant
under time reversal only exist for integer spins, while for
half-integer spins a given pure state is always orthogonal
to its time reversed state. A lear physial interpretation
of this result and its generalization to arbitrary N1⊗N2
systems is of great interest. The next step to further
investigate this point ould be to study 4 ⊗N2 systems,
whih is possible by the method developed in this paper.
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Appendix A: SPHERICAL TENSOR OPERATORS
We dene here the irreduible spherial tensor oper-
ators TKq ating on the state spae C
N
of a partile
with spin j, where N = 2j + 1, K = 0, 1, . . . , 2j, and
q = −K, . . . ,+K. The tensor operators T (i)Kiqi for i = 1, 2
used in the main text are obtained by setting j = j1 or
j = j2.
The spherial tensor operators TKq represent a om-
plete system of operators on CN . This means that any
operator on the state spae of the spin-j partile may
be written as a unique linear ombination of the TKq.
Moreover, the tensors are orthonormal with respet to
the Hilbert-Shmidt inner produt:
tr
{
T †K′q′TKq
}
= δKK′δqq′ . (A1)
For a xed K the (2K + 1) operators TKq represent the
spherial omponents of a tensor of rank K. They trans-
form aording to an irreduible representation of SO(3)
whih orresponds to the angular momentum K:
D(j)(R)TKqD
(j)(R)† =
+K∑
q′=−K
D
(K)
q′q (R)TKq′ . (A2)
For instane, the T1q behave as omponents of a vetor,
and the T2q as omponents of a seond-rank tensor.
The matrix elements of the tensors may be dened in
term of Wigner's 3-j symbols as [28, 30℄
〈j,m|TKq|j,m′〉 =
√
2K + 1(−1)j−m
(
j j K
m −m′ −q
)
.
(A3)
The 3-j symbols are losely related to the Clebsh-
Gordan oeients:
〈j1,m1; j2,m2|JM〉 =
√
2J + 1(−1)j1−j2+M
(
j1 j2 J
m1 m2 −M
)
. (A4)
Aording to the seletion rules for the 3-j symbols the
matrix element (A3) is equal to zero for m−m′ − q 6= 0.
In partiular, we have T00 =
1√
N
I.
The matrix elements (A3) of the tensor operators are
real and one has T †Kq = T
T
Kq = (−1)qTK,−q. It fol-
lows that the TKq are eigenoperators of the time reversal
transformation ϑ whih was dened in Eq. (3.10). In
fat, using the transformation behaviour (A2) of the ten-
sors and the fat that a rotation by pi about the y-axis is
represented by the unitary matrix
D
(K)
q′q (pi) = (−1)K−q
′
δq′,−q, (A5)
one nds
ϑTKq = V T
T
KqV
† = (−1)KTKq. (A6)
As a onsequene the operators QK whih have been in-
trodued in Eq. (2.7) are eigenoperators of the partial
time reversal ϑ2 = I ⊗ ϑ:
ϑ2QK = (−1)KQK . (A7)
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We nally list the non-vanishing matrix elements of
the tensor operators needed in Se. IV:
〈j,m|T10|j,m〉 = 2m
√
3
N(N − 1)(N + 1) , (A8)
〈j,m|T †11|j,m+ 1〉 = −
√
6(j −m)(j +m+ 1)
N(N − 1)(N + 1) , (A9)
〈j,m|T20|j,m〉 = 2
√
5[3m2 − j(j + 1)]√
(N + 2)(N + 1)N(N − 1)(N − 2) ,
(A10)
〈j,m|T †21|j,m+ 1〉 = (A11)
−
√
5(1 + 2m)
√
6(j −m)(j +m+ 1)
(N + 2)(N + 1)N(N − 1)(N − 2) ,
〈j,m|T †22|j,m+ 2〉 = (A12)
√
5
√
6(j −m− 1)(j −m)(j +m+ 1)(j +m+ 2)
(N + 2)(N + 1)N(N − 1)(N − 2) .
Appendix B: PROOF OF RELATION (2.14)
The starting point is given by Eq. (2.13). We insert
into this equation the denitions (2.2) and (2.7) for the
invariant operators PJ and QK , and introdue omplete
sets of produt basis states |j1,m1; j2,m2〉. This yields a
multiple sum over produts of two Clebsh-Gordan oef-
ients and two matrix elements of the tensor operators.
By use of Eqs. (A3) and (A4) the Clebsh-Gordan o-
eients as well as the matrix elements of the spherial
tensors an be written in terms of the 3-j symbols. We
also use the seletion rules for the 3-j symbols and their
symmetry properties. This proedure leads to the follow-
ing sum over 4-fold produts of 3-j symbols:
LKJ =
√
(2K + 1)(2J + 1)(−1)j1+j2+J × (B1)∑
{mi}
χ({mi})×
(
j1 j2 J
m1 m2 m3
)(
j1 j1 K
−m1 m5 −m6
)
×(
j2 j2 K
−m4 −m2 m6
)(
j2 j1 J
m4 −m5 −m3
)
,
where χ({mi}) is a phase fator:
χ({mi}) = (−1)j1+m1(−1)j2+m2(−1)J+m3 ×
(−1)j2+m4(−1)j1+m5(−1)K+m6 .
The sum over the quantum numbers m1, . . . ,m6 in
Eq. (B1) exatly orresponds to a ertain 6-j symbol of
Wigner [30℄. A general 6-j symbol involves six angular
momenta and is written as{
j1 j2 j3
j4 j5 j6
}
. (B2)
The sum of Eq. (B1) is equal to the 6-j symbol (B2) with
j3 = J , j4 = j2, j5 = j1 and j6 = K. Hene, we see that
Eq. (B1) redues to Eq. (2.14). We remark that a similar
tehnique has been used in Ref. [25℄ in order to derive
an expression for the matrix whih represents the partial
time reversal ϑ2 in the PJ -representation.
By use of the formulae for the 6-j symbols [28℄ we nd
that the rst three rows of L are given by
L0J =
√
2J + 1
N1N2
, (B3)
and
L1J = −2
√
3(2J + 1)
j1(j1 + 1) + j2(j2 + 1)− J(J + 1)√
(N1 − 1)N1(N1 + 1)(N2 − 1)N2(N2 + 1)
, (B4)
L2J = 2
√
5(2J + 1)
3X(X − 1)− 4j1(j1 + 1)j2(j2 + 1)√
(N1 − 2)(N1 − 1)N1(N1 + 1)(N1 + 2)(N2 − 2)(N2 − 1)N2(N2 + 1)(N2 + 2)
, (B5)
where X ≡ j1(j1 + 1) + j2(j2 + 1)− J(J + 1).
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